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Multinucleon transfer processes in heavy-ion reactions at energies slightly above the Coulomb bar-
rier are investigated in a fully microscopic framework of the time-dependent Hartree-Fock (TDHF)
theory. Transfer probabilities are calculated from the TDHF wave function after collision using the
projection operator method which has recently been proposed by Simenel (C. Simenel, Phys. Rev.
Lett. 105, 192701 (2010)). We show results of the TDHF calculations for transfer cross sections
of the reactions of 40, 48Ca+124Sn at Elab = 170, 174 MeV,
40Ca+208Pb at Elab = 235, 249 MeV,
and 58Ni+208Pb at Elab = 328.4 MeV, for which measurements are available. We find the transfer
processes show different behaviors depending on the N/Z ratios of the projectile and the target,
and the product of the charge numbers, ZPZT. When the projectile and the target have different
N/Z ratios, fast transfer processes of a few nucleons towards the charge equilibrium of the initial
system occur in reactions at large impact parameters. As the impact parameter decreases, a neck
formation is responsible for the transfer. A number of nucleons are transferred by the neck breaking
when two nuclei dissociate, leading to transfers of protons and neutrons in the same direction. Com-
paring cross sections by theory and measurements, we find the TDHF theory describes the transfer
cross sections of a few nucleons reasonably. As the number of transferred nucleons increases, the
agreement becomes less accurate. The TDHF calculation overestimates transfer cross sections ac-
companying a large number of neutrons when more than one proton are transferred. Comparing
our results with those by other theories, we find the TDHF calculations give qualitatively similar
results to those of direct reaction models such as GRAZING and Complex WKB.
I. INTRODUCTION
In the last three decades, measurements of multinu-
cleon transfer processes have been achieved extensively
in heavy-ion collisions close to the Coulomb barrier [1–
24]. This process is an interesting quantum dynamics of
many nucleons regarded as a nonequilibrium transport
phenomenon which reflects both static properties and
time-dependent dynamics of colliding nuclei. The static
properties include nuclear shell structure and binding
energies, nuclear shapes, properties of outermost single-
particle orbitals, neutron-to-proton mass ratios, pairing
properties, and so on. The dynamical effects include
quantum tunneling between colliding nuclei, matching of
Q-values and momenta, formation and breaking of the
neck, quasi-fission dynamics, and so on.
Besides fundamental interests in its mechanisms, the
multinucleon transfer reaction is also expected to be use-
ful as a mean to produce unstable nuclei whose produc-
tion is difficult by other methods. For example, a pro-
duction of neutron-rich nuclei with atomic mass around
A ∼ 200 along the neutron magic number N = 126
has been discussed [25–28]. The knowledge on structural
properties of these nuclei is crucially important to un-
derstand a detail scenario of heavy elements synthesis in
the r-process. An experiment to produce such neutron-
rich unstable nuclei has been planned in the reactions of
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Xe isotopes on 198Pt [29]. A production of superheavy
elements using multinucleon transfer reactions has also
been discussed (see, for example, Refs. [28, 30–34]).
To describe multinucleon transfer processes theoret-
ically, models based on a direct reaction picture such
as GRAZING [35] and Complex WKB (CWKB) [36]
have been extensively developed and applied [9, 10, 13–
20]. In these models, multinucleon transfer processes are
treated statistically, using single-nucleon transfer proba-
bilities calculated by the first-order perturbation theory.
A model based on Langevin-type equations of motion has
also been developed [30, 32]. This model describes not
only multinucleon transfer processes but also deep in-
elastic collisions, quasi-fission, fusion-fission, and fusion
reactions in a unified way [27, 28, 30–33].
Although the above mentioned approaches have shown
reasonable successes, these models are not fully micro-
scopic but include some model assumptions. To get fun-
damental understanding of the dynamics and to present
a reliable prediction for the cross sections, it is highly
desired to develop a fully microscopic description for the
multinucleon transfer processes with minimum assump-
tions on the dynamics. To this end, we conduct micro-
scopic calculations in the time-dependent Hartree-Fock
(TDHF) theory.
The theory of the TDHF was first proposed by Dirac
in 1930 [37]. Applications of the TDHF theory to nuclear
collision dynamics started in 1970s [38–45]. Progresses in
the early stage have been summarized in Ref. [46]. Since
then, continuous efforts have been devoted for improv-
ing the method and extending applications [47–71]. At
present, three-dimensional calculations with full Skyrme
2functionals including time-odd components are routinely
conducted. In most TDHF calculations, Skyrme-type in-
teractions [72] are used. Since parameters of Skyrme in-
teractions are determined to reproduce nuclear properties
for a wide mass region, there is no empirical parameter
specific to the reaction.
The TDHF theory may describe both peripheral and
central collisions. In peripheral collisions, the mean-field
of the collision partner works as a time-dependent per-
turbation for the orbitals. This picture of the transfer dy-
namics is similar to that in direct reaction models where
single-particle transfer probabilities are calculated either
by the perturbation theory [35, 36] or by solving numer-
ically the time-dependent Schro¨dinger equation [73–75].
In collisions at smaller impact parameters, the TDHF
theory describes macroscopic dynamics such as fusion
[34, 43, 47, 49, 54, 58, 61, 69], quasi-fission [34, 64, 65, 71],
and deep inelastic collisions [34, 39–42, 44, 45, 66]. Nu-
cleons are exchanged between projectile and target nuclei
through the neck formation. This description of the mult-
inucleon transfer processes is similar to the Langevin-
type description [30, 32]. In this way, the TDHF theory
is expected to be capable of describing quite different
transfer mechanisms in a unified way.
In this paper, we will apply the TDHF theory to calcu-
late transfer probabilities and cross sections for the reac-
tions of 40Ca+124Sn at Elab = 170 MeV,
48Ca+124Sn at
Elab = 174 MeV,
40Ca+208Pb at Elab = 235, 249 MeV,
and 58Ni+208Pb at Elab = 328.4 MeV, for which measure-
ments are available [10, 13, 17, 19]. To calculate transfer
probabilities from the TDHF wave function after colli-
sion, we use the projection operator method which has
recently been proposed by Simenel [67].
In addition to the fact that extensive measurements
are available for these systems, analyses and comparisons
of these systems are of much interest since reactions in
these systems are expected to show qualitatively differ-
ent features. While 48Ca+124Sn has almost the same
neutron-to-proton ratio, N/Z, between the projectile and
the target, other three systems have different N/Z ra-
tios. We expect transfer processes towards the charge
equilibrium take place in collisions with large N/Z asym-
metry [68, 70, 76]. Moreover, it is well known that the
basic feature of the low-energy heavy-ion collisions de-
pends much on the product of the charge numbers of the
projectile and the target nuclei, ZPZT. Fusion reactions
beyond the critical value, ZPZT ∼ 1600, are known to ac-
company an extra-push energy [34, 77]. Analyses of the
fusion-hindrance phenomena in the TDHF theory have
been reported in Ref. [34], showing that the extra-push
energy in the TDHF calculation is in good agreement
with that of the Swiatecki’s extra-push model [78]. The
four systems to be analyzed have different ZPZT values,
1000 for 40, 48Ca+124Sn, 1640 for 40Ca+208Pb, and 2296
for 58Ni+208Pb.
It has been considered that the success of the TDHF
theory is limited to observables expressed as expectation
values of one-body operators. Indeed, the particle num-
ber fluctuation in deep inelastic collisions has been found
to be substantially underestimated in the TDHF calcu-
lations [40, 41, 45]. Since transfer probabilities in the
TDHF calculation may not be given as expectation val-
ues of any one-body operators, it is not at all obvious
whether the TDHF calculation provides a reasonable de-
scription for multinucleon transfer processes. One of the
main purposes of the present paper is to clarify usefulness
and limitation of the TDHF calculation for the multin-
ucleon transfer processes. We note that Simenel has re-
cently presented a calculation using the Barian-Ve´ne´roni
prescription [79] and concluded that the particle number
fluctuation may not be affected much by the correlation
effects beyond the TDHF theory for reactions which are
not so much violent as deep inelastic collisions [80].
The construction of this paper is as follows. In Section
II, we describe a formalism to calculate transfer proba-
bilities from the TDHF wave function after collision. We
also describe our computational method. In Section III,
we present results of our TDHF calculations for four sys-
tems and compare them with measurements. In Section
IV, we compare our results with those by other theories.
In Section V, a summary and a future prospect will be
presented.
II. FORMULATION
A. Definition of transfer probabilities
We consider a collision of two nuclei described by the
TDHF theory. The projectile is composed of NP nucle-
ons and the target is composed of NT nucleons. The
total number of nucleons is N = NP+NT. In the TDHF
calculation, a time evolution of single-particle orbitals,
φi(r, σ, t) (i = 1, · · · , N), is calculated where r and σ
denote the spatial and the spin coordinates, respectively.
The total wave function is given by the Slater determi-
nant composed of the orbitals:
Φ(x1, · · · , xN , t) = 1√
N !
det
{
φi(xj , t)
}
, (1)
where x is a set of the spatial and the spin coordinates,
x ≡ (r, σ). For the moment, we will develop a formalism
for a many-body system composed of identical fermions.
An extension to the actual nuclei composed of two kinds
of fermions, protons and neutrons, is simple and obvious.
Before the collision, two nuclei are separated spatially.
We divide the whole space into two, the projectile re-
gion, V iP, and the target region, V
i
T. After the collision,
we assume that there appear two nuclei, a projectile-like
fragment (PLF) and a target-like fragment (TLF). We
ignore channels in which nuclei are separated into more
than two fragments after the collision. We again intro-
duce a division of the whole space into two, the projectile
region, V fP , which includes the PLF, and the target re-
gion, V fT , which includes the TLF.
We define the number operator of each spatial region
3as
Nˆτ =
∫
τ
dr
N∑
i=1
δ(r − ri) =
N∑
i=1
Θτ (ri), (2)
where τ specifies the spatial region either V
i(f)
P or V
i(f)
T .
We introduce the space division function, Θτ (r), defined
as
Θτ (r) =
{
1 for r ∈ τ
0 for r /∈ τ . (3)
The sum of the two operators, Nˆ
V
i(f)
P
and Nˆ
V
i(f)
T
, is the
number operator of the whole space, Nˆ = NˆV iP + NˆV iT
= Nˆ
V
f
P
+ Nˆ
V
f
T
. In ordinary TDHF calculations, an initial
wave function is the direct product of the ground state
wave functions of two nuclei boosted with the relative
velocity. The single-particle orbitals, φi(x, t), are local-
ized in one of the spatial regions, V iP or V
i
T, at the initial
stage of the calculation. Therefore, the initial wave func-
tion is the eigenstate of both operators, NˆV iP and NˆV iT ,
with eigenvalues, NP and NT, respectively. At the final
stage of the calculation after the collision, each single-
particle orbital extends spatially to both spatial regions
of V fP and V
f
T . Due to this fact, the Slater determinant
at the final stage is not an eigenstate of the number oper-
ators, Nˆ
V
f
P
and Nˆ
V
f
T
, but a superposition of states with
different particle number distributions.
The probability that n nucleons are in the spatial re-
gion V fP and N −n nucleons are in the spatial region V fT
is defined as follows. We start with the normalization
relation of the final wave function after the collision,
∫
dx1 · · ·
∫
dxN |Ψ(x1, · · · , xN )|2 = 1, (4)
where
∫
dx ≡ ∑σ ∫ dr. Here and hereafter, we denote
the many-body wave function at the final stage of the
calculation as Ψ(x1, · · · , xN ) = det{ψi(xj)}/
√
N !, and
omit the time index. We also omit the suffix f from V fP
and V fT . The normalization relation, Eq. (4), includes N -
fold integral over the whole spatial region. We divide each
spatial integral into two integrals over the subspaces, VP
and VT. We then classify the 2
N terms, generated by the
divisions of the spatial regions, according to the number
of VP and the number of VT included in the integral:
1 =
∫
VP+VT
dx1 · · ·
∫
VP+VT
dxN |Ψ(x1, · · · , xN )|2
=
N∑
n=0
∑
s({τi}:V nP V
N−n
T )
∫
τ1
dx1 · · ·
∫
τN
dxN |Ψ(x1, · · · , xN )|2,
(5)
where each subscript τi (i = 1, · · · , N) represents either
VP or VT. The notation s({τi} : V nP V N−nT ) means that
the sum should be taken for all possible combinations
of τi on condition that, in the sequence of τ1, · · · , τN ,
VP appears n times and VT appears N − n times. The
number of the combinations equals to NCn. From this
expression, we find the probability that n nucleons are in
the VP and N − n nucleons are in the VT is given by
Pn =
∑
s({τi}:V nP V
N−n
T )
∫
τ1
dx1 · · ·
∫
τN
dxN |Ψ(x1, · · · , xN )|2 . (6)
Equation (5) ensures the relation,
∑N
n=0 Pn = 1. From
the probability Pn, we may obtain nucleon transfer prob-
abilities. For example, the probability of n-particle trans-
fer from the projectile to the target is given by PNP−n.
B. Number projection operator
Above expression of the probability Pn can be repre-
sented as an expectation value of the number projection
operator Pˆn, i.e. Pn = 〈Ψ| Pˆn |Ψ〉. This operator extracts
a component of the wave function with particle number
n in the VP and N − n in the VT from the final wave
function Ψ(x1, · · · , xN ). From Eq. (6), we obtain the
following expression for the number projection operator,
Pˆn =
∑
s({τi}:V nP V
N−n
T )
Θτ1(r1) · · ·ΘτN (rN ). (7)
The projected wave function, PˆnΨ, is the eigenstate of
the number operators, NˆVP and NˆVT , with eigenvalues, n
and N − n, respectively. From Eq. (5), there follows
N∑
n=0
Pˆn =
N∏
i=1
(
ΘVP(ri) + ΘVT(ri)
)
= 1. (8)
Recently, Simenel has provided an alternative expres-
sion for the number projection operator [67] which is
given by
Pˆn =
1
2pi
∫ 2pi
0
dθ ei(n−NˆVP)θ. (9)
We can easily show that this expression, Eq. (9), is equiv-
alent to Eq. (7) as follows:
Pˆn =
1
2pi
∫ 2pi
0
dθ ei(n−NˆVP )θ
=
1
2pi
∫ 2pi
0
dθ einθ
N∏
i=1
(
ΘVT(ri) + e
−iθΘVP(ri)
)
=
N∑
n′=0
1
2pi
∫ 2pi
0
ei(n−n
′)θdθ
∑
s({τi}:V n
′
P V
N−n′
T )
Θτ1(r1) · · ·ΘτN (rN )
=
∑
s({τi}:V nP V
N−n
T )
Θτ1(r1) · · ·ΘτN (rN ).
4C. Computation of transfer probabilities
Two expressions for the number projection operator
Pˆn, Eq. (7) and Eq. (9), have been utilized to calculate
transfer probabilities in the TDHF theory. When we use
Eq. (7), the probability Pn is expressed in terms of the
single-particle orbitals as
Pn =
∫
dx1 · · ·
∫
dxN ψ
∗
1(x1) · · ·ψ∗N (xN )Pˆn det
{
ψi(xj)
}
=
∑
s({τi}:V nP V
N−n
T )
∑
ξ
sgn(ξ) 〈ψ1|ψξ1〉τ1· · · 〈ψN |ψξN 〉τN
=
∑
s({τi}:V nP V
N−n
T )
det
{〈ψi|ψj〉τi
}
, (10)
where the summation over ξ is taken for all possible per-
mutations of the index ξi (i = 1, · · · , N), and sgn(ξ)
is a sign depending on the number of permutations.
〈ψi|ψj〉τ ≡
∫
τ
dxψ∗i (x)ψj(x) denotes an overlap integral
in the spatial region τ .
When we use Eq. (9), we obtain
Pn =
1
2pi
∫ 2pi
0
dθ einθ 〈Ψ|
N∏
i=1
e−iΘVP (ri)θ |Ψ〉
=
1
2pi
∫ 2pi
0
dθ einθ det
{〈ψi|ψj〉VT + e−iθ 〈ψi|ψj〉VP
}
.
(11)
Two expressions, Eq. (10) and Eq. (11), should give
equivalent results. We indeed confirmed that both ex-
pressions give the same results for light systems. How-
ever, the computational cost is rather different between
two methods. Let us first consider the computational
cost of Eq. (10),
Pn =
∑
s({τi}:V nP V
N−n
T )
det
{〈ψi|ψj〉τi
}
.
In this expression, it is necessary to calculate the determi-
nants of dimensionN many times. For example, to calcu-
late the probabilities of all possible processes, P0 to PN ,
we need to calculate determinants of dimension N for
2N times. Even for the calculation of the probability
without any particle transfer, we need to calculate the
determinants as many as NCNP . The calculation in this
way soon becomes impossible as N increases and is use-
ful only for light systems. This method has been used
in the 40Ca+40Ca collision in Ref. [40]. It has also been
used in the electron transfer processes in atomic collisions
[81, 82].
When we use the expression of Eq. (11),
Pn =
1
2pi
∫ 2pi
0
dθ einθ det
{〈ψi|ψj〉VT + e−iθ 〈ψi|ψj〉VP
}
,
the computational cost can be significantly small. In
this expression, we achieve integral over θ employing the
trapezoidal rule discretizing the interval [0, 2pi] into M
equal grids. To calculate all the probabilities, P0 to PN ,
we need to calculate the determinants of dimension N
for M times. We find M = 200 is sufficient for systems
presented in this paper. In our calculations shown below,
we employ Eq. (11).
D. Transfer cross sections
We next derive the formula for cross sections of transfer
reactions. We assume that both projectile and target
nuclei are spherical, so that the reaction is specified by
the incident energy E and the impact parameter b.
Up to this point, we derived expressions of transfer
probabilities for a system composed of identical fermions.
Since the TDHF wave function is a direct product of
Slater determinants for protons and neutrons, the reac-
tion probability is also given by the product of the proba-
bilities for protons and neutrons. Let us denote the prob-
ability that Z protons are included in the VP as P
(p)
Z (b)
and N neutrons are included in the VP as P
(n)
N (b). Then,
the probability that Z protons and N neutrons are in-
cluded in the VP is given by
PZ,N (b) = P
(p)
Z (b)P
(n)
N (b). (12)
We calculate the transfer cross section for the channel
where the PLF is composed of Z,N nucleons by integrat-
ing the probability PZ,N (b) over the impact parameter,
σtr(Z,N) = 2pi
∫ ∞
bmin
b PZ,N (b) db. (13)
The minimum of the integration over the impact param-
eter is the border dividing fusion and binary reactions.
In practice, we first examine the maximum impact pa-
rameter in which fusion reactions take place for a given
incident energy. We will call it the fusion critical im-
pact parameter and denote it as bf . We then repeat re-
action calculations at various impact parameters for the
region, b > bf , and calculate the cross section by numer-
ical quadrature according to Eq. (13).
E. Numerical methods
We have developed our own computational code of the
TDHF theory for heavy-ion collisions extending the code
developed for the real-time linear response calculations
[51]. We employ a uniform spatial grid in the three-
dimensional Cartesian coordinate to represent single-
particle orbitals without any symmetry restrictions. The
grid spacing is taken to be 0.8 fm. We take a box size of
60 × 60 × 26 grid points (48 fm × 48 fm × 20.8 fm) for
collision calculations, where the reaction plane is taken to
be the xy-plane. The initial wave functions of projectile
and target nuclei are prepared in a box with 26× 26× 26
grid points. We use 11-points finite-difference formula
5for the first and second derivatives. To calculate the time
evolution of single-particle orbitals, we use the Taylor ex-
pansion method of 4th order. The first-order predictor-
corrector step is adopted in the time evolution. The time
step is set to ∆t = 0.2 fm/c. To calculate the Coulomb
potential, we employ the Hockney’s method [83] in which
the Fourier transformation is achieved in the grid of two
times larger box than that utilized to express single-
particle orbitals.
We have tested the accuracy of the code by comparing
our results with those by other codes. We have confirmed
that the fusion critical impact parameters of the reac-
tions of 16O+16O and 16O+28O reported in Ref. [54] are
reproduced within 0.1 fm accuracy by our code. We have
also calculated the fluctuation of exchanged nucleons for
40Ca+40Ca head-on collisions and confirmed that results
reported in Ref. [84] are reproduced accurately.
III. RESULTS
In this section, we will show calculated results for
the reactions of 40Ca+124Sn at the incident energy of
170 MeV, 48Ca+124Sn at 174 MeV, 40Ca+208Pb at 235,
249 MeV, and 58Ni+208Pb at 328.4 MeV.
As for the energy density functional and potential, we
use the Skyrme functional including all time-odd terms
[85] except for the second derivative of the spin densities,
△s(n, p). We encounter numerical instability in the time
evolution calculation if we include the term in the poten-
tial. All of the results reported here are calculated using
the Skyrme SLy5 parameter set [86]. This interaction
has been utilized in the fully three-dimensional TDHF
calculations for heavy-ion collisions [54, 61, 69].
In the ground state calculations, we find the ground
states of 40Ca, 48Ca and 208Pb are spherical. The ground
state of 124Sn is oblately deformed with β ∼ 0.11. The
ground state of 58Ni is prolately deformed with β ∼ 0.11.
We take the incident direction parallel to the x-axis
and the impact parameter vector parallel to the y-axis.
The reaction is specified by the incident energy and the
impact parameter. As an initial condition, the two col-
liding nuclei are placed with the distance 16-18 fm in
the x-direction. Before starting the TDHF calculation,
we assume the centers of the two colliding nuclei follow
the Rutherford trajectory. For the deformed nuclei, we
placed the nucleus with the symmetry axis being set par-
allel to the z-axis.
We stop time evolution calculations when two nuclei
are separated by 20-26 fm, if binary fragments are pro-
duced. If the colliding nuclei fuse and do not separate, we
continue time evolution calculations more than 3000 fm/c
after two nuclei touch. We have not found any reactions
in which more than two fragments are produced after
collision.
For each collision system, we first find the fusion crit-
ical impact parameter bf . We find them by repeating
calculations changing the impact parameter by 0.01 fm
step. We then calculate reactions for various impact pa-
rameters outside the critical value. At an impact param-
eter region smaller than 7 fm, we calculate reactions of
impact parameters with 0.25 fm step. At an impact pa-
rameter region larger than 7 fm, we calculate reactions
of b = 7.5, 8, 9, and 10 fm. Close to the fusion critical
impact parameter, we calculate reactions in 0.05 fm and
0.01 fm impact parameter steps. All these calculations
are used to evaluate the transfer cross sections. In calcu-
lating transfer cross sections according to Eq. (13), the
upper limit of the integral over b is set to 10 fm.
A. 40, 48Ca+124Sn reactions
In this subsection, we present results for the reac-
tions of 40Ca+124Sn at Elab = 170 MeV (Ec.m. ≃
128.5 MeV) and 48Ca+124Sn at Elab = 174 MeV (Ec.m. ≃
125.4 MeV), for which multinucleon transfer cross sec-
tions have been measured experimentally [10, 13]. The
neutron-to-proton ratio, N/Z, is different between the
projectile and the target for 40Ca+124Sn, while it is al-
most the same for 48Ca+124Sn. Therefore, we may ex-
pect different features in the transfer process. As we men-
tioned in the introduction, the product of charge numbers
of the projectile and the target is important for the fu-
sion dynamics. The present systems have ZPZT = 1000
< 1600, so that no fusion-hindrance is expected to occur.
To estimate the Coulomb barrier height, we cal-
culate the nucleus-nucleus potential using the frozen-
density approximation neglecting the Pauli blocking ef-
fect [62, 87, 88]. The potential is given by V (R) =
E[ρ
P
+ ρ
T
](R)−Eg.s.[ρP ]−Eg.s.[ρT ], where R is the dis-
tance between the centers-of-masses of the two nuclei,
ρ
P
(ρ
T
) denotes nuclear density of the projectile (target)
in their ground state. E[ρ
P
+ ρ
T
](R) denotes the to-
tal energy when two nuclei are separated by the relative
distance R. Eg.s.[ρP ] and Eg.s.[ρT ] denote the ground
state energy of each nucleus. In the calculation, the
Coulomb barrier height is estimated as VB ≈ 116.3 MeV
for 40Ca+124Sn and VB ≈ 115.1 MeV for 48Ca+124Sn,
respectively. Since the initial relative energies are higher
than the Coulomb barrier heights, we find the fusion crit-
ical impact parameter, bf = 3.95 fm for
40Ca+124Sn and
bf = 3.93 fm for
48Ca+124Sn, respectively.
1. Overview of the reactions
Before showing detailed analyses of transfer reactions,
we first present an overview of the reaction dynamics.
In Fig. 1, we show the deflection function, Θ(b), in (a)
and the total kinetic energy loss (TKEL) in (b), as func-
tions of impact parameter b. Results for the 40Ca+124Sn
reactions are denoted by red filled triangles connected
with solid lines, while results for the 48Ca+124Sn reac-
tions are denoted by green open circles connected with
dotted lines. In Fig. 1 (a), we also show deflection func-
tions of the pure Coulomb trajectories by a red dotted
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FIG. 1. (Color online) Deflection function (a) and total ki-
netic energy loss (b) as functions of impact parameter b for the
reactions of 40Ca+124Sn at Elab = 170 MeV and
48Ca+124Sn
at Elab = 174 MeV. Results for the
40Ca+124Sn reactions
are denoted by red filled triangles connected with solid lines,
while results for the 48Ca+124Sn reactions are denoted by
green open circles connected with dashed lines. In (a), we
also show deflection functions for the pure Coulomb trajecto-
ries by a red dotted line for the 40Ca+124Sn reactions and by
a green two-dot chain line for the 48Ca+124Sn reactions.
line for 40Ca+124Sn and by a green two-dot chain line for
48Ca+124Sn.
In practice, the deflection function and the TKEL
are calculated in the following way. We denote the
center-of-mass coordinate of the PLF (TLF) and the rel-
ative coordinate as RPLF (TLF)(t) and R(t) = RPLF(t)−
RTLF(t), respectively. We also denote the mass, charge
number, and the reduced mass at the final stage of
the calculation as MPLF(TLF), ZPLF(TLF), and µf =
MPLFMTLF/(MPLF + MTLF). The relative velocity at
the final stage of the calculation, t = tf , is calcu-
lated by R˙(tf ) = (R(tf + ∆t) −R(tf − ∆t))/2∆t. We
evaluate the TKEL by TKEL = Ec.m. − 12µfR˙(tf )2 −
ZPLFZTLF e
2/ |R(tf )|, where Ec.m. is the initial incident
energy in the center-of-mass frame. The angle between
the vectorR(tf ) and the x-axis, or the angle between the
vector R˙(tf ) and the x-axis, provides approximate value
of the deflection angle. We estimate the correction for
it assuming that both the PLF and the TLF follow the
Rutherford trajectory specified by the coordinates and
the velocities at the final time, tf .
The TKEL increases rapidly as the impact parameter
decreases in the region b < 4.5 fm, where the deflec-
tion function, Θ(b), decreases appreciably by the nuclear
attractive interaction. The deflection function shows a
maximum at b ∼ 4.25 fm and decreases inside this impact
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FIG. 2. (Color online) Differential cross sections of repre-
sentative transfer channels as functions of scattering angle in
the laboratory frame for the 40Ca+124Sn reaction at Elab =
170 MeV. The Coulomb rainbow angle obtained from the
TDHF trajectories is denoted by blue solid vertical lines,
and is compared with measured differential cross sections, red
filled circles, which have been reported in Ref. [10].
parameter. The maximum deflection angle corresponds
to the Coulomb rainbow angle, θr. It is given by 99
◦ for
40Ca+124Sn and 100◦ for 48Ca+124Sn. In Fig. 2, we com-
pare the Coulomb rainbow angle for the 40Ca+124Sn re-
action with measured differential cross sections reported
in Ref. [10]. Red filled circles denote measured cross sec-
tions and blue solid vertical lines denote the Coulomb
rainbow angle in the laboratory frame. As seen from the
figure, the peak positions of the measured cross sections
roughly coincide with the Coulomb rainbow angle by the
TDHF calculation.
In Fig. 3, we show snapshots of density distribution for
the 40Ca+124Sn reaction at b = 3.96 fm, just outside the
fusion critical impact parameter, bf . We find a formation
of a neck between the projectile and the target during
the collision. As will be shown later, several nucleons are
exchanged between the projectile and the target at this
impact parameter. We find a formation of the neck for
the impact parameter region smaller than b ∼ 4.25 fm
where the TKEL becomes appreciable.
We next consider the average number of transferred nu-
cleons and its fluctuation. We denote the average number
of nucleons in the PLF as N
(q)
PLF (q = n for neutrons, p
for protons), which is calculated from the density distri-
FIG. 3. (Color online) Snapshots of density distribution of
the 40Ca+124Sn reaction at Elab = 170 MeV and b = 3.96 fm,
just outside the fusion critical impact parameter.
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(a) and (e): Average number of transferred nucleons from the target to the projectile. (b) and (f): Neutron-to-proton ratios,
N/Z, of the PLF and the TLF after collision. (c) and (g): Average number of nucleons emitted to the continuum. (d) and
(h): Fluctuation of transferred nucleon number. The horizontal axis is the impact parameter b. In (b) and (f), the equilibrium
N/Z value of the total system is indicated by a horizontal dashed line.
bution at the final stage of the calculation,
N
(q)
PLF =
∫
aroundPLF
dr ρ(q)(r), (14)
where ρ(q)(r) is the density distribution of neutrons
(q = n) or protons (q = p). The spatial integration is
achieved over a sphere whose center coincides with the
center-of-mass of the PLF. The radius of the sphere is
taken to be 10 fm. We calculate the average number of
nucleons in the TLF in the same way taking the radius
of 14 fm for the TLF. We summarize various expressions
for the average number and the fluctuation of transferred
nucleons in Appendix A.
We denote the neutron (proton) number of the projec-
tile and the target as N
(q)
P and N
(q)
T , respectively. In gen-
eral, there holds N
(q)
PLF+N
(q)
TLF < N
(q)
P +N
(q)
T , since some
nucleons are emitted to the continuum by the breakup
process. As will be shown later, however, the number of
nucleons emitted to the continuum is very small in the
present calculations. The average number of transferred
nucleons from the projectile to the target, N
P(q)
tr , is given
8by
N
P(q)
tr = N
(q)
PLF −N (q)P . (15)
Figure 4 shows the average number of transferred nu-
cleons, N
P(q)
tr , in (a) and (e), the neutron-to-proton ra-
tios, N/Z, of the PLF and the TLF after collision in
(b) and (f), the average number of nucleons emitted to
the continuum in (c) and (g), and the fluctuation of the
transferred nucleon number in (d) and (h), as functions
of impact parameter b for 40, 48Ca+124Sn reactions.
In Fig. 4 (a) and (e), the average number of transferred
neutrons is shown by filled symbols connected with solid
lines, while the average number of transferred protons is
shown by open symbols connected with dotted lines. Pos-
itive values indicate the increase of the projectile nucleons
(transfer from 124Sn to 40, 48Ca) and negative values in-
dicate the decrease (transfer from 40, 48Ca to 124Sn). As
seen from Fig. 4 (a) and (e), a large value of average num-
ber of transferred nucleons is seen for 40Ca+124Sn at the
impact parameter region close to the fusion critical im-
pact parameter, while the average number of transferred
nucleons is small for 48Ca+124Sn.
We show in Fig. 4 (b) and (f) the neutron-to-proton
ratios, N/Z, of the PLF and the TLF. For the PLF, it is
given by N
(n)
PLF/N
(p)
PLF, and for the TLF by N
(n)
TLF/N
(p)
TLF.
Before the collision, the N/Z ratio is given by 1.00 for
40Ca, 1.40 for 48Ca, and 1.48 for 124Sn. The N/Z ratio
of the PLF (TLF) is denoted by filled (open) symbols con-
nected with solid (dotted) lines. We also denote the N/Z
ratio of the total system by a horizontal dashed line in the
figure, 1.34 for 40Ca+124Sn and 1.46 for 48Ca+124Sn. We
find the nucleons are transferred towards the direction of
the charge equilibrium. Namely, protons are transferred
from 40Ca to 124Sn, while neutrons are transferred from
124Sn to 40Ca in the 40Ca+124Sn reaction. The N/Z ra-
tios of the projectile and the target do not differ much
for 48Ca+124Sn, and we find a small number of trans-
ferred nucleons on average for this reaction. The average
number of transferred nucleons decreases rapidly as the
impact parameter increases. For the impact parameter
region larger than b ∼ 6 fm, the average number of trans-
ferred nucleons almost vanishes.
In Fig. 4 (c) and (g), we show the average num-
ber of nucleons emitted to the continuum, N
(q)
break-up ≡
(N
(q)
P + N
(q)
T ) − (N (q)PLF +N (q)TLF), during the time evolu-
tion. The average number of neutrons (protons) emitted
to the continuum is denoted by filled (open) symbols con-
nected with solid (dotted) lines. As seen in the figure, the
number of emitted nucleons is very small. The maximum
value, about 0.02, is seen at the impact parameter close
to the fusion critical impact parameter.
In Fig. 4 (d) and (h), we show the fluctuation of the
transferred nucleon number. The expression for the fluc-
tuation is given by Eq. (A4). The fluctuation of the
transferred neutron (proton) number is denoted by filled
(open) symbols connected with solid (dotted) lines. We
find the fluctuation decreases as the impact parameter
increases. The fluctuation decreases more slowly than
the average number of transferred nucleons as a func-
tion of impact parameter. We also find the fluctuation of
48Ca+124Sn is somewhat smaller than but comparable in
magnitude to that of 40Ca+124Sn, although the average
number is vanishingly small for 48Ca+124Sn.
As mentioned in the beginning of this section, we
placed the 124Sn nucleus which is oblately deformed with
β ∼ 0.11 so that the symmetry axis is perpendicular to
the reaction plane in the initial configuration. Namely,
the symmetry axis of 124Sn is set parallel to the z-axis.
To take fully account of the deformation effect, we should
achieve an average over initial orientations of the 124Sn.
However, since calculations of a number of initial orienta-
tions require large computational costs, we do not achieve
the orientational average but show results of a specific
initial orientation in the present paper. We here briefly
discuss the difference of the reaction dynamics depending
on the initial orientations.
In Fig. 5, we show the average number of transferred
nucleons in (a) and the neutron-to-proton ratios, N/Z, of
the PLF and the TLF after collision in (b), for three cases
of different initial orientations of 124Sn in the 40Ca+124Sn
reaction. Red triangles are the same results as those
shown in Fig. 4 (a) and (b) where the symmetry axis
of 124Sn is chosen parallel to the z-axis. Green circles
correspond to the cases of the symmetry axis set parallel
to the y-axis (the direction of impact parameter vector).
Blue diamonds correspond to the cases of the symmetry
axis set parallel to the x-axis (the incident direction).
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FIG. 5. (Color online) Comparison of calculated results for
different initial orientations of 124Sn in the 40Ca+124Sn reac-
tion at Elab = 170 MeV. (a): Average number of transferred
nucleons from the target to the projectile. (b): Neutron-to-
proton ratios, N/Z, of the PLF and the TLF after collision.
The horizontal axis is the impact parameter b. The initial
orientations of 124Sn are indicated in legends.
9From the figure, we find a rather small difference
among three cases of different initial orientations of 124Sn.
The prominent difference appears only at small impact
parameter region. It comes from the difference of the fu-
sion critical impact parameters. Since 124Sn is oblately
deformed, the Coulomb barrier height is the largest when
the symmetry axis of the 124Sn is parallel to the x-axis
(the incident direction).
2. Transfer probabilities
We next show transfer probabilities as functions of
impact parameter which are obtained from the final
wave functions using the number projection procedure of
Eq. (11). The nucleon transfer probabilities, P
(q)
n (b), are
shown in Fig. 6 (linear scale) and in Fig. 7 (logarithmic
scale). Top panels of Fig. 6 ((a) and (b)) and top pan-
els of Fig. 7 ((a), (b), (c), and (d)) show results of the
40Ca+124Sn reaction, while lower panels of Fig. 6 ((c)
and (d)) and lower panels of Fig. 7 ((e), (f), (g), and (h))
show results of the 48Ca+124Sn reaction. In these figures,
shaded regions at small impact parameter (b ≤ 3.95 fm
for 40Ca+124Sn and b ≤ 3.93 fm for 48Ca+124Sn) cor-
respond to the fusion reactions. The positive (negative)
number of transferred nucleons represents the number of
nucleons added to (removed from) the projectile.
From the figure, we find that probabilities of single-
nucleon transfer (green dashed lines) extend to a large
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FIG. 6. (Color online) Neutron (left panels) and proton (right
panels) transfer probabilities as functions of impact parame-
ter b. (a) and (b): Results for the reactions of 40Ca+124Sn
at Elab = 170 MeV. (c) and (d): Results for the reactions
of 48Ca+124Sn at Elab = 174 MeV. The positive (negative)
number of transferred nucleons represents the number of nu-
cleons added to (removed from) the projectile. Shaded regions
at small impact parameter (b ≤ 3.95 fm for 40Ca+124Sn and
b ≤ 3.93 fm for 48Ca+124Sn) correspond to the fusion reac-
tions.
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FIG. 7. (Color online) Transfer probabilities in Fig. 6 are
shown in logarithmic scale. Nucleon transfer probabilities op-
posite to the direction of the charge equilibrium, which are
not included in Fig. 6, are shown as well.
impact parameter region. As the number of transferred
nucleons increases, the reaction probability is sizable only
at a small impact parameter region, close to the fusion
critical impact parameter.
The directions of the transfer processes are the same as
those we observed in the average number of transferred
nucleons in Fig. 4 (a) and (e). Namely, in the case of
40Ca+124Sn (Fig. 6 (a) and (b)), protons are transferred
from 40Ca to 124Sn and neutrons are transferred from
124Sn to 40Ca, the directions towards the charge equilib-
rium. We note that the transfer probabilities towards the
opposite directions, proton transfer from 124Sn to 40Ca
and neutron transfer from 40Ca to 124Sn, are very small
and are hardly seen in the linear scale figure (Fig. 6 (a)
and (b)). In the logarithmic scale (Fig. 7 (a), (b), (c),
and (d)), we find the transfer probabilities towards the
opposite direction to the charge equilibrium are smaller
than those towards the charge equilibrium by at least
an order of magnitude. In the case of 48Ca+124Sn re-
action (Fig. 6 (c) and (d), Fig. 7 (e), (f), (g), and (h)),
the transfer probabilities towards both directions are the
same order of magnitude. This is consistent with the fact
that the average number of transferred nucleons is very
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FIG. 8. (Color online) Cross sections for transfer channels
classified according to the change of the proton number of the
PLF from 40Ca, as functions of neutron number of the PLF
for the 40Ca+124Sn reaction at Elab = 170 MeV. Red filled cir-
cles denote measured cross sections and red solid lines denote
results of the TDHF calculations. The number of transferred
protons is indicated as (xp) (−6 ≤ x ≤ +1). The measured
cross sections have been reported in Ref. [10].
small as shown in Fig. 4 (e).
3. Transfer cross sections
Integrating the transfer probabilities over impact pa-
rameter, we obtain transfer cross sections. The results
are shown in Fig. 8 for 40Ca+124Sn and in Fig. 9 for
48Ca+124Sn.
We first examine the 40Ca+124Sn reaction. Figure 8
shows the transfer cross sections classified according to
the change of the proton number of the PLF from 40Ca,
as functions of neutron number of the PLF. Red filled
circles denote measured cross sections and red solid lines
denote results of the TDHF calculations. We show trans-
fer cross sections of one proton added to (+1p) through
six proton removed from (−6p) 40Ca.
We find the experimental data are reasonably repro-
duced by the TDHF calculations for cross sections with-
out proton transfer shown in (0p) panel, although the
cross sections are somewhat underestimated as the num-
ber of transferred neutrons increases. Zero- to four-
neutron pick-up channels shown in (−1p), (−2p), and
(−3p) panels are also reproduced reasonably. The calcu-
lated cross sections towards the direction opposite to the
charge equilibrium are small, consistent with the obser-
vation in transfer probabilities shown in Fig. 7 (a) and
(d).
As the number of transferred protons increases, there
appear some discrepancies between the TDHF calcula-
tions and the measurements. When more than one pro-
tons are transferred, the TDHF calculation underesti-
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FIG. 9. (Color online) Cross sections for transfer channels
classified according to the change of the proton number of the
PLF from 48Ca, as functions of neutron number of the PLF
for the 48Ca+124Sn reaction at Elab = 174 MeV. Red filled cir-
cles denote measured cross sections and red solid lines denote
results of the TDHF calculations. The number of transferred
protons is indicated as (xp) (−2 ≤ x ≤ +2). The measured
cross sections have been reported in Ref. [13].
mates measured cross sections of neutron removal chan-
nels (N < 20). For five- and six-proton removal channels,
(−5p) and (−6p), the TDHF cross sections become too
small compared with the measurements. We also find
a shift of the peak position towards the larger neutron
number.
In Ref. [10], cross sections calculated by the GRAZ-
ING code [35] were compared with the measurements.
In the GRAZING calculation, a similar discrepancy was
observed. As the origin of the discrepancy, the signifi-
cance of the evaporation effects has been mentioned [10].
We will compare our results with those of the GRAZING
calculations in Sec. IV.
We note that particle evaporation processes are not
taken into account sufficiently in the present calculation.
In Fig. 1 (b), we find the TKEL of as large as 25 MeV at
a small impact parameter region where appreciable mult-
inucleon transfer probabilities are found. The amount of
the TKEL is sufficiently large to emit some nucleons to
the continuum. However, as we saw in Fig. 4 (c), the
average number of nucleons emitted to the continuum is
very small, the maximum value is only 0.02. Although we
have not yet estimated the number of evaporated nucle-
ons, the inclusion of the evaporation processes is expected
to reduce the discrepancy as follows. Neutron evapora-
tion processes will shift the peak position of the transfer
cross sections towards the smaller neutron number (left
direction in Fig. 8). We may also expect that proton
evaporation processes will shift cross section of n-proton
removal channels to (n+ 1)-proton removal channels.
Figure 9 shows transfer cross sections of 48Ca+124Sn
reaction. The cross sections obtained from the TDHF
calculations are in good agreement with the experimen-
tal data for zero- and one-proton transfer channels, (0p)
and (±1p). For two-proton transfer channels (±2p), how-
ever, our TDHF calculations underestimate the cross sec-
tions. In the case of two-proton removal channels (−2p),
the peak position shifts towards larger neutron number,
while in the case of two-proton pickup channels (+2p),
the peak position shifts towards smaller neutron num-
11
ber. The underestimation in the (−2p) channels may be
remedied by taking into account the neutron evaporation
processes as in the case of 40Ca+124Sn reaction. However,
the underestimation in the (+2p) channels may not. A
similar discrepancy was reported in the GRAZING calcu-
lation [13]. In Ref. [13], more complex mechanisms such
as neutron-proton pair transfer and/or α-cluster transfer
have been advocated for the origin of the discrepancy.
B. 40Ca+208Pb reaction
In this subsection, we present results for the reactions
of 40Ca+208Pb at Elab = 235 and 249 MeV (Ec.m. ≃
197.1 and 208.8 MeV), for which measurements have been
reported in Ref. [19]. This system has ZPZT = 1640,
close to 1600. Therefore, we expect an appearance of
the indication of the fusion-hindrance. We estimate the
Coulomb barrier height of this system using the frozen-
density approximation, giving VB ≈ 178.4 MeV. Since the
collision energies are higher than the barrier height, we
find finite values of the fusion critical impact parameter
bf , as in the
40, 48Ca+124Sn reactions. They are given
by bf = 3.81 and 4.55 fm at Elab = 235 and 249 MeV,
respectively.
1. Overview of the reactions
We first present an overview of the reaction dynam-
ics. In Fig. 10, we show the deflection function in (a)
and the TKEL in (b), as functions of impact parameter.
Results for the reaction at Elab = 235 MeV are denoted
by red filled triangles connected with solid lines, while
results for the reaction at Elab = 249 MeV are denoted
by green open circles connected with dotted lines. In
Fig. 10 (a), we also show deflection functions for the pure
Coulomb trajectories at Elab = 235 MeV by a red dotted
line and at Elab = 249 MeV by a green two-dot chain
line. In this system, we find an increase of the TKEL up
to around 50 MeV and 60 MeV for the incident energies
of 235 MeV and 249 MeV, respectively. This maximum
value of TKEL is about a factor of two larger than the
case of 40, 48Ca+124Sn reactions. We find the difference
of the TKEL between these systems, 40Ca+208Pb and
40, 48Ca+124Sn, comes from properties of the neck whose
formation is observed when the TKEL becomes substan-
tial.
In Fig. 11, we show snapshots of density distribution
for the 40Ca+208Pb reaction at Elab = 249 MeV and b =
4.56 fm, just outside the fusion critical impact parameter.
The neck is seen to be formed solidly for a long period
from t = 200 fm/c to 3000 fm/c. This process may be
regarded as a quasi-fission. As will be shown below, a
number of nucleons are transferred from 208Pb to 40Ca
at this impact parameter.
The period of the neck formation is longer in the
present 40Ca+208Pb case than that in the 40, 48Ca+124Sn
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FIG. 10. (Color online) Deflection function (a) and total ki-
netic energy loss (b) as functions of impact parameter b for
the reactions of 40Ca+208Pb at Elab = 235 and 249 MeV.
Results for the reactions at Elab = 235 MeV are denoted by
red filled triangles connected with solid lines, while results for
the reactions at Elab = 249 MeV are denoted by green open
circles connected with dashed lines. In (a), we also show de-
flection functions for the pure Coulomb trajectories at Elab =
235 MeV by a red dotted line and at Elab = 249 MeV by a
green two-dot chain line.
cases. We find the neck formation for the periods of 1000-
3000 fm/c and more for the present system depending on
the impact parameter, while it is at most 300 fm/c in
the 40, 48Ca+124Sn systems. We consider this difference
is related to the different ZPZT values of these systems.
Since ZPZT & 1600 in the present system, fusion reac-
tions are hindered by the quasi-fission process. Namely,
FIG. 11. (Color online) Snapshots of density distribution of
the 40Ca+208Pb reaction at Elab = 249 MeV and b = 4.56 fm,
just outside the fusion critical impact parameter.
12
dσ
/d
Ω
 (
m
b
/s
r)
θc.m. (deg)
(+2n)
10
-1
10
0
10
1
10
2
 60  90  120
θc.m. (deg)
40
Ca+
208
Pb (Elab=235, 249 MeV)
(-2p)
 60  90  120
θc.m. (deg)
Exp. (235)
Exp. (249)
 60  90  120
(+2n,-2p)
FIG. 12. (Color online) Differential cross sections of represen-
tative transfer channels as functions of scattering angle in the
center-of-mass frame for the 40Ca+208Pb reactions at Elab =
235 and 249 MeV. The Coulomb rainbow angle obtained from
the TDHF trajectories is denoted by red solid (green dotted)
vertical lines for Elab = 235 (249) MeV. They are compared
with measured differential cross sections, red filled triangles
(green open circles) for Elab = 235 (249) MeV, which have
been reported in Ref. [19].
there appears a certain impact parameter region in which
binary final fragments are produced after a rather solid
neck formation during the collision.
The Coulomb rainbow angle is θr ≃ 99◦ for the reac-
tion at Elab = 235 MeV and θr ≃ 86◦ for the reaction
at Elab = 249 MeV, respectively. The deflection function
becomes negative at the small impact parameter region,
reaching −200◦ just outside bf . In Fig. 12, we compare
the Coulomb rainbow angles for the 40Ca+208Pb reac-
tions at Elab = 235 and 249 MeV with measured differen-
tial cross sections which have been reported in Ref. [19].
Red filled triangles denote measured cross sections for
Elab = 235 MeV, while green open circles denote those for
Elab = 249 MeV. The Coulomb rainbow angle obtained
from the TDHF trajectories is denoted by red solid (green
dotted) vertical lines for Elab = 235 (249) MeV. We find
the peak positions of measured angular distributions are
reasonably reproduced by the TDHF calculation.
Figure 13 shows the average number of transferred nu-
cleons in (a), the N/Z ratios of the PLF and the TLF in
(b), the average number of nucleons emitted to the con-
tinuum in (c), and the fluctuation of the transferred nu-
cleon number in (d), as functions of impact parameter. In
each panel, triangles represent results for Elab = 235MeV
and circles represent results for Elab = 249 MeV.
In Fig. 13 (a), the average number of transferred neu-
trons is shown by filled symbols connected with solid
lines, while the average number of transferred protons
is shown by open symbols connected with dotted lines.
Positive values indicate the increase of the projectile nu-
cleons (transfer from 208Pb to 40Ca) and negative values
indicate the decrease (transfer from 40Ca to 208Pb). As
seen from the figure, the average number of transferred
protons shows a minimum at a certain impact parame-
ter (b = 4.0 fm for Elab = 235 MeV and b = 5.0 fm for
Elab = 249 MeV). Outside this impact parameter, the nu-
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FIG. 13. (Color online) The 40Ca+208Pb reactions at Elab =
235 and 249 MeV. (a): Average number of transferred nucle-
ons from the target to the projectile. (b): Neutron-to-proton
ratios, N/Z, of the PLF and the TLF after collision. (c):
Average number of nucleons emitted to the continuum. (d):
Fluctuation of transferred nucleon number. The horizontal
axis is the impact parameter b. Results for the reactions at
Elab = 235 MeV are denoted by triangles, while results for
the reactions at Elab = 249 MeV are denoted by circles. In
(b), the equilibrium N/Z value of the total system, 1.43, is
indicated by a horizontal dashed line.
cleon transfer process proceeds towards the direction of
the charge equilibrium of the projectile and the target.
Inside this impact parameter, neutrons are still trans-
ferred towards the same direction. However, the number
of transferred protons decreases and becomes positive,
which corresponds to the transfer from 208Pb to 40Ca.
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At first sight, the direction of the proton transfer at
small impact parameter region is opposite to the direc-
tion of the charge equilibrium. However, it is not the case
as can be understood from Fig. 13 (b) which shows the
neutron-to-proton ratios, N/Z, of the PLF (filled symbols
connected with solid lines) and the TLF (open symbols
connected with dotted lines), which are obtained from
the average numbers of the nucleons shown in Fig. 13 (a).
Before collision, the N/Z ratio is given by 1.00 for 40Ca
and 1.54 for 208Pb. In Fig. 13 (b), the N/Z ratio of the
total system, 1.43, is shown by a horizontal dashed line.
As seen from the figure, the nucleon transfer processes
proceed towards the direction of the charge equilibrium
for both the PLF and the TLF at all impact parame-
ter region outside the fusion critical impact parameter.
Even though the average number of transferred protons
shows complex behavior at small impact parameter re-
gion, the N/Z ratios of the PLF and the TLF monoton-
ically approach to the fully equilibrated value of 1.43 as
the impact parameter decreases.
The change of sign of the average number of transferred
protons at small impact parameter region is found to be
related to the formation of a rather solid neck. When
the neck is broken, we find that most part of the neck
is absorbed by the lighter fragment (cf. Fig. 11). Since
the neck is composed of both neutrons and protons, the
absorption of the nucleons in the neck region results in
the increase of average number of nucleons in the PLF
for both neutrons and protons (see Fig. 13 (a)).
In Fig. 13 (c), we show the average number of nucle-
ons emitted to the continuum during the time evolution.
The average number of neutrons (protons) emitted to the
continuum is denoted by filled (open) symbols connected
with solid (dotted) lines. We count it by subtracting the
number of nucleons inside a sphere of 14 fm for the TLF
and that inside a sphere of 10 fm for the PLF from the
total number of nucleons, 248. The average number of
emitted nucleons is again very small, at most 0.1 around
the fusion critical impact parameter.
In Fig. 13 (d), we show the fluctuation of the trans-
ferred nucleon number. The fluctuation of transferred
neutron (proton) number is denoted by filled (open) sym-
bols connected with solid (dotted) lines. The fluctua-
tion increases monotonically as the impact parameter de-
creases, reaching the maximum value roughly 1.3 around
the fusion critical impact parameter. Although the aver-
age number of transferred protons is small at the small
impact parameter region, the fluctuation of transferred
proton number has value as large as that of neutrons.
This fact indicates that single-particle wave functions
of protons are exchanged actively between the projec-
tile and the target, although the number of transferred
protons is small on average.
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FIG. 14. (Color online) Neutron and proton transfer proba-
bilities as functions of impact parameter b for the 40Ca+208Pb
reactions. (a), (b), (c), and (d): Results at Elab = 235 MeV.
(e), (f), (g), and (h): Results at Elab = 249 MeV. The posi-
tive (negative) number of transferred nucleons represents the
number of nucleons added to (removed from) the projectile.
Note that horizontal scales are different between the left and
the right panels. Shaded regions at small impact parameter
(b ≤ 3.81 fm for Elab = 235 MeV and b ≤ 4.55 fm for Elab =
249 MeV) correspond to the fusion reactions.
2. Transfer probabilities
The nucleon transfer probabilities, P
(q)
n (b), are shown
in Fig. 14. Top panels ((a), (b), (c), and (d)) show re-
sults at Elab = 235 MeV, while lower panels ((e), (f), (g),
and (h)) show results at Elab = 249 MeV. In the figure,
shaded regions at small impact parameter (b ≤ 3.81 fm
for Elab = 235 MeV and b ≤ 4.55 fm for Elab = 249 MeV)
correspond to the fusion reactions. The positive (nega-
tive) number of transferred nucleons represents the num-
ber of nucleons added to (removed from) the projectile.
In the left panels ((a), (c), (e), and (g)), we show trans-
fer probabilities, (0n) to (+4n) for neutrons and (0p) to
(−4p) for protons. In the right panels ((b), (d), (f), and
(h)), we show transfer probabilities, (+1n) to (+9n) for
neutrons and (−4p) to (+4p) for protons, at small impact
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FIG. 15. (Color online) Transfer cross sections for the
40Ca+208Pb reactions at Elab = 235 and 249 MeV. Red filled
triangles (green open circles) denote measured cross sections
at Elab = 235 (249) MeV. Red solid (green dotted) lines de-
note results of the TDHF calculations at Elab = 235 (249)
MeV. The number of transferred protons (positive number
for the transfer from 208Pb to 40Ca) is indicated as (xp)
(−6 ≤ x ≤ +5). The measured cross sections have been
reported in Ref. [19]
parameter regions just outside the fusion critical impact
parameter. Probabilities of neutron transfer from 40Ca
to 208Pb are very small and are not shown.
As in the case of 40, 48Ca+124Sn reactions, we find
that probabilities of single-nucleon transfer (green dashed
lines) extend to a large impact parameter region. Re-
action probabilities for multinucleon transfer processes
become appreciable at a small impact parameter region
close to the fusion critical impact parameter. The trans-
fer probabilities towards the charge equilibrium are large
in most cases. At a small impact parameter region just
outside the fusion critical impact parameter, however, we
find substantial probabilities for the proton transfer pro-
cesses opposite to the charge equilibrium as seen in the
right panels of Fig. 14 ((b), (d), (f), and (h)). This is
related to the increase of the average number of trans-
ferred protons at small impact parameter region which
was seen in Fig. 13 (a).
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FIG. 16. (Color online) The same transfer cross sections for
the 40Ca+208Pb reactions as those in Fig. 14. The number
of transferred neutrons is indicated as (xn) (−5 ≤ x ≤ +9).
3. Transfer cross sections
We show transfer cross sections in Figs. 15 and 16.
Each panel of Fig. 15 shows cross sections classified ac-
cording to the change of the proton number of the PLF
from 40Ca which is indicated by (xp) (−6 ≤ x ≤ +5), as
functions of neutron number of the PLF. Each panel of
Fig. 16 shows cross sections classified according to the
change of the neutron number of the PLF from 40Ca
which is indicated by (xn) (−5 ≤ x ≤ +9), as functions
of proton number of the PLF. Red filled triangles denote
measured cross sections for Elab = 235 MeV, while green
open circles denote those for Elab = 249 MeV. Cross sec-
tions calculated by the TDHF are denoted by red solid
(green dotted) lines for Elab = 235 (249) MeV. As seen in
the average number of transferred nucleons in Fig. 13 (a)
and in the transfer probabilities in Fig. 14, the transfer
cross sections towards the direction of the charge equilib-
rium dominate.
In (0p) and (−1p) panels of Fig. 15, the TDHF calcu-
lation is seen to reproduce the measured cross sections up
to six-neutron transfer. As the number of transferred pro-
tons increases, (−2p) to (−6p), the cross sections in the
TDHF calculation show a maximum at a neutron num-
ber more than that of 40Ca. Compared with measured
cross sections, the TDHF results shift towards larger val-
ues of neutron number. This behavior is similar to the
case of 40Ca+124Sn reaction. Looking at the transfer
cross sections for a fixed number of transferred neutrons
in Fig. 16, the TDHF calculations reproduce (+1n) and
(+2n) panels rather well.
As seen in Fig. 15, the TDHF calculations provide sub-
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stantial cross sections for proton pickup reactions, (+1p)
to (+5p), which is the transfer towards the opposite di-
rection of the charge equilibrium expected from the initial
N/Z ratios. The cross sections show a peak around the
neutron number 28. The TDHF calculations also provide
substantial cross sections for many neutron pickup reac-
tions (see bottom row of Fig. 16). The cross sections show
a peak around the proton number 20. These cross sec-
tions come from an impact parameter region close to the
fusion critical impact parameter. As seen in Fig. 13 (a), a
large average number of transferred neutrons up to 10 is
seen while the average number of transferred protons has
small value. We note that the collision close to the fu-
sion critical impact parameter accompanies large TKEL,
and should suffer substantial evaporation effects which
are not treated in the present analyses.
The TDHF calculation systematically underestimates
the cross section of neutron transfer processes from 40Ca
to 208Pb, (−1n) to (−5n) (see top row of Fig. 16). Al-
though these processes are against the charge equilib-
rium, substantial cross sections are observed experimen-
tally. In the TDHF calculation, cross sections of neutron
transfer channels opposite to the charge equilibrium are
several orders of magnitude smaller than the measure-
ments. In Ref. [19], it has been argued that the neutron
evaporation after collision is responsible for these chan-
nels.
C. 58Ni+208Pb reaction
As a final case, we present results for the 58Ni+208Pb
reaction at Elab = 328.4 MeV (Ec.m. ≃ 256.8 MeV), for
which measurements are reported in Ref. [17]. Since
this system has ZPZT = 2296 exceeding the critical
value 1600, we may expect an appearance of the quasi-
fission process at a small impact parameter region. Us-
ing the frozen-density approximation, the Coulomb bar-
rier height is estimated to be VB ≈ 247.6 MeV, which is
lower than the center-of-mass energy. We find the fusion
critical impact parameter bf given by 1.38 fm for this re-
action. To decide whether the nucleus once gets fused
eventually decays into fragments or not, we continue to
calculate the time evolution up to 4000 fm/c after two
nuclei touches. If the fused system keeps compact form
for this period, we regard the process as fusion.
1. Overview of the reaction
We first present an overview of the reaction dynam-
ics. In Fig. 17, we show the deflection function in (a)
and the TKEL in (b), as functions of impact parameter.
In (a), we also show a deflection function for the pure
Coulomb trajectory by a dotted line. The Coulomb rain-
bow occurs at the impact parameter of 2.5 fm and the
rainbow angle is θr ≃ 121◦. In Fig. 18, we compare the
Coulomb rainbow angle with measured differential cross
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FIG. 17. (Color online) Deflection function (a) and total ki-
netic energy loss (b) as functions of impact parameter b for
the reactions of 58Ni+208Pb at Elab = 328.4 MeV. In (a), we
show a deflection function for the pure Coulomb trajectory
by a dotted line.
sections which have been reported in Ref. [17]. Red filled
circles denote measured cross sections and blue solid ver-
tical lines denote the Coulomb rainbow angle. From the
figure, we find the measured differential cross sections
show rather flat distributions compared with lighter sys-
tems. This may be related to a rather small curvature
of the deflection function around the Coulomb rainbow
angle obtained from the TDHF trajectories as seen in
Fig. 17 (a).
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FIG. 18. (Color online) Differential cross sections of repre-
sentative transfer channels as functions of scattering angle
in the center-of-mass frame for the 58Ni+208Pb reaction at
Elab = 328.4 MeV. The Coulomb rainbow angle obtained from
the TDHF trajectories is denoted by blue solid vertical lines,
and is compared with measured differential cross sections, red
filled circles, which have been reported in Ref. [17].
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FIG. 19. (Color online) Snapshots of density distribution
of the 58Ni+208Pb reaction at Elab = 328.4 MeV and b =
1.39 fm, just outside the fusion critical impact parameter.
The TKEL shows a behavior different from lighter sys-
tems. The maximum TKEL is about 50-60 MeV, similar
to the value observed in 40Ca+208Pb reaction. However,
there is a large impact parameter region, from 1.39 fm
to 2.75 fm, in which the TKEL takes approximately the
same value.
In Fig. 19, we show snapshots of density distribution
for the 58Ni+208Pb reaction at the impact parameter of
1.39 fm, just outside the fusion critical impact parame-
ter. In the course of the collision, colliding nuclei form a
rather thick neck and excurse for a long period connected
by the neck. We find the two nuclei are connected for a
period as long as 3600 fm/c. For collisions in the impact
parameter region where the TKEL takes values around
50-60 MeV, we find a formation of a similar thick neck
which persists rather long period. These reactions are
considered to correspond to the quasi-fission.
Figure 20 shows the average number of transferred nu-
cleons in (a), the N/Z ratios of the PLF and the TLF
in (b), the average number of nucleons emitted to the
continuum in (c), and the fluctuation of the transferred
nucleons in (d), as functions of impact parameter.
In Fig. 20 (a), the average number of transferred neu-
trons is shown by red filled circles connected with solid
lines, while the average number of transferred protons is
shown by green open circles connected with dotted lines.
Positive numbers indicate the increase of the projectile
nucleons (transfer from 208Pb to 58Ni) and negative num-
bers indicate the decrease (transfer from 58Ni to 208Pb).
From the figure, we find the average number of trans-
ferred protons shows a minimum at b = 2.75 fm. We
note that this value coincides with the impact parame-
ter inside which the TKEL becomes almost constant in
Fig. 17 (b). A similar minimum was also seen in the
40Ca+208Pb case, as shown in Fig. 13 (a). Outside this
impact parameter, nucleons are transferred towards the
direction of the charge equilibrium expected from the ini-
tial N/Z ratios. In the impact parameter region, 1.55 fm
≤ b ≤ 2.75 fm, the average number of transferred nucle-
ons increases as the impact parameter decreases for both
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FIG. 20. (Color online) The 58Ni+208Pb reaction at Elab =
328.4 MeV. (a): Average number of transferred nucleons from
the target to the projectile. (b): Neutron-to-proton ratios,
N/Z, of the PLF and the TLF after collision. (c): Average
number of nucleons emitted to the continuum. (d): Fluctu-
ation of transferred nucleon number. The horizontal axis is
the impact parameter b. In (b), the equilibrium N/Z value
of the total system, 1.42, is indicated by a horizontal dashed
line.
neutrons and protons. A similar behavior was also seen
in 40Ca+208Pb reaction as in Fig. 13 (a).
At the impact parameter region b < 1.85 fm, the av-
erage number of transferred protons becomes positive,
opposite to the direction of the charge equilibrium of the
initial system. However, the nucleon transfer still pro-
ceeds towards the charge equilibrium of both the PLF
and the TLF after the collision. This is clearly seen
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in Fig. 20 (b) which shows the N/Z ratios of the PLF
and the TLF after collision. The N/Z ratio of the PLF
(TLF) is denoted by red filled (green open) circles con-
nected with solid (dotted) lines. As seen from the figure,
the N/Z ratios of both the PLF and the TLF become
closer to the N/Z ratio of the total system, 1.42, which
is represented by a horizontal dashed line.
As mentioned in the case of 40Ca+208Pb reactions,
the change in the average number of transferred protons
across the impact parameter b ∼ 3 fm is related to the
formation of the neck. Outside b ∼ 3 fm, the neck is not
formed and two nuclei are separated even at the closest
approach. In such case, nucleons are transferred towards
the direction of the charge equilibrium expected from the
initial N/Z ratios. Inside b ∼ 3 fm, the neck is formed
between two nuclei. Then the transfer of nucleons pro-
ceeds in two steps. Before the formation of the neck, the
transfer of nucleons proceeds towards the charge equi-
librium of the initial system in the same way as that in
b > 3 fm. After the formation of the neck, an exchange
of a large number of nucleons occurs at the time of the
breaking of the neck. Depending on the position of the
neck breaking, the transfer of nucleons is expected in ei-
ther directions, from the target to the projectile or the
reverse. Since the neck is formed with both protons and
neutrons, the nucleon transfer in the neck breaking pro-
cess accompanies both protons and neutrons in the same
direction.
Looking at Fig. 20 (a), we find the increase of the av-
erage numbers of transferred nucleons of both neutrons
and protons as the impact parameter decreases below
b = 2.75 fm. This indicates that the neck is broken
at the position close to the target. Both protons and
neutrons in the neck region are absorbed by the projec-
tile. This mechanism explains the reason why the num-
ber of transferred protons increases as the impact pa-
rameter decreases in Fig. 20 (a). This transfer process
associated with the neck breaking was also seen in the
40, 48Ca+124Sn and the 40Ca+208Pb reactions.
At very small impact parameter region, 1.40 fm ≤ b ≤
1.50 fm, the average number of transferred neutrons
shows a large fluctuation. The average number of trans-
ferred protons also shows the fluctuation, correlated with
that of neutrons. These fluctuations occur by changes of
the breaking point of the neck. When the neck is bro-
ken close to the target, a large number of nucleons are
transferred from the target to the projectile, while the
neck is broken at a midpoint between the projectile and
the target, the number of transferred nucleons becomes
small.
Figure 20 (c) shows the average number of nucleons
emitted to the continuum during the time evolution. The
average number of neutrons (protons) emitted to the con-
tinuum is denoted by red filled (green open) circles con-
nected with solid (dotted) lines. As in other systems, we
calculate it by subtracting the average number of nucle-
ons inside a sphere of 14 fm for the TLF and that inside
a sphere of 10 fm for the PLF from the total number of
nucleons, 266. Again the number is rather small, about
0.12 at the maximum.
Figure 20 (d) shows the fluctuation of the transferred
nucleon number. The fluctuation of transferred neutron
(proton) number is denoted by red filled (green open)
circles connected with solid (dotted) lines. They show
a different behavior across the impact parameter around
3 fm, indicating a qualitative change of the dynamics.
Outside this impact parameter where protons and neu-
trons are transferred in different directions, the fluctu-
ation of transferred neutron number is larger than that
of protons. Inside this impact parameter, although the
average number of transferred neutrons is much larger
than that of protons, the fluctuation is almost the same.
This indicates that although the average number of trans-
ferred protons is small, there is a strong mixture of single-
particle orbitals of protons due to the formation and
breaking of the neck.
2. Transfer probabilities
We next show transfer probabilities of the 58Ni+208Pb
reaction as functions of impact parameter, which are
shown in Fig. 21. The small impact parameter region
(b ≤ 1.38 fm) corresponding to the fusion reaction are
shaded. The positive (negative) number of the trans-
ferred nucleons represents the number of nucleons added
to (removed from) the projectile. The upper (lower) pan-
els show neutron (proton) transfer probabilities for each
transfer channel. In the left panels ((a) and (c)), we
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FIG. 21. (Color online) Neutron and proton transfer proba-
bilities as functions of impact parameter b for the reactions
of 58Ni+208Pb at Elab = 328.4 MeV. Figure (a) and (b) show
probabilities of neutrons, while figure (c) and (d) show those
of protons. The positive (negative) number of transferred nu-
cleons represents the number of nucleons added to (removed
from) the projectile. Note that horizontal scales are differ-
ent between the left and the right panels. A shaded region
at small impact parameter (b ≤ 1.38 fm) corresponds to the
fusion reactions.
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FIG. 22. (Color online) Transfer cross sections for the
58Ni+208Pb reaction at Elab = 328.4 MeV. Red filled circles
denote measured cross sections and red solid lines denote re-
sults of the TDHF calculations. The number of transferred
protons (positive number for the transfer from 208Pb to 58Ni)
is indicated as (xp) (−6 ≤ x ≤ +5). The measured cross
sections have been reported in Ref. [17].
show transfer probabilities, (0n) to (+6n) for neutrons
and (0p) to (−4p) for protons. They correspond to the
transfer processes towards the charge equilibrium of the
initial system. In the right panels ((b) and (d)), we show
transfer probabilities, (+7n) to (+13n) for neutrons and
(+1p) to (+5p) for protons, which dominate in the small
impact parameter region, b ≤ 2.75 fm. Probabilities of
neutron transfer from 58Ni to 208Pb are very small and
are not shown.
In contrast to the previous cases of 40, 48Ca+124Sn and
40Ca+208Pb, probabilities of transfer processes involv-
ing more than 6 neutrons are seen in rather wide impact
parameter region, 1.39 fm ≤ b ≤ 2.75 fm, where the for-
mation of the thick neck is observed. In Fig. 17 (b), a
large value of TKEL was also seen in the impact param-
eter region of b < 3 fm, indicating the significance of the
evaporation effects.
As in previous cases, probabilities of the processes ac-
companying small number of exchanged nucleons show
large spatial tail. The transfer probabilities for chan-
nels towards the charge equilibrium are large in most
cases. The zero-proton transfer probability (0p, red solid
line) in Fig. 21 (c) decreases as the impact parameter de-
creases, shows minimum at b ∼ 3 fm, and again increases
at smaller impact parameter region. This behavior is
consistent with the behavior of the average number of
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FIG. 23. (Color online) The same transfer cross sections for
the 58Ni+208Pb reaction as those in Fig. 21. The number of
transferred neutrons is indicated as (xn) (−4 ≤ x ≤ +10).
transferred protons seen in Fig. 20 (a). Although neu-
tron transfer probabilities to the direction opposite to
the charge equilibrium of the initial system are vanish-
ingly small, we find appreciable probabilities of proton
transfer opposite to the charge equilibrium of the initial
system, as is seen from Fig. 21 (d). This feature is again
consistent with the behavior of the average number of
transferred protons shown in Fig. 20 (a).
3. Transfer cross sections
We show transfer cross sections in Fig. 22 and Fig. 23.
Each panel of Fig. 22 shows cross sections classified ac-
cording to the change of the proton number of the PLF
from 58Ni, as functions of neutron number of the PLF.
Each panels of Fig. 23 shows cross sections classified ac-
cording to the change of the neutron number of the PLF
from 58Ni, as functions of proton number of the PLF. Red
filled circles denote measured cross sections and red solid
lines denote results of the TDHF calculations. Again, re-
action cross sections with relatively large values, such as
(0p) and (−1p) panels of Fig. 22 and (+1n) and (+2n)
panels of Fig. 23, are described reasonably well by the
TDHF calculation.
In Fig. 22, as the transferred proton number increases,
the calculation underestimates the measured cross sec-
tion. The peak position of the cross section shifts to-
wards larger neutron number compared with the mea-
surements. A similar behavior was also seen in other sys-
tems. This discrepancy is considered to be partly origi-
nated from neutron evaporation processes which we have
not yet taken into account.
In (0p) and (−1p) panels of Fig. 22, the TDHF calcula-
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tions overestimate the cross section for channels accom-
panying large number of transferred neutrons (neutron
number of PLF more than 34). We also find abundant
cross sections for (+1p) to (+5p) processes, opposite to
the charge equilibrium direction for the initial system and
accompanying a large number of transferred neutrons.
They come from reactions at small impact parameter re-
gion, b < 3 fm, in which the transfer of nucleons associ-
ated with the neck breaking is appreciable.
In Fig. 23, we find an underestimation of cross sections
for negative neutron transfer (−xn) (neutron transfer
from 58Ni to 208Pb). On the other hand, almost constant
cross sections are obtained for positive neutron trans-
fer (+xn) (from 208Pb to 58Ni), up to the transfer of 10
neutrons. The underestimation of the negative neutron
transfer channels may be explained by the evaporation ef-
fects as discussed in Ref. [17]. The cross sections for the
positive neutron transfer channels originate from reac-
tions at small impact parameter which accompany large
TKEL. Therefore, they may also suffer the evaporation
effects.
IV. COMPARISON WITH OTHER
CALCULATIONS
In this section, we compare our results of the TDHF
calculations with those by other theories. Multinucleon
transfer cross sections have been extensively and suc-
cessfully analyzed by direct reaction theories such as
GRAZING [35] and CWKB [36]. In both theories, rel-
ative motion of colliding nuclei is treated in the semi-
classical approximation. The probabilities of the mult-
inucleon transfer processes are treated with a statisti-
cal assumption using single-particle transfer probabilities
evaluated with the time-dependent perturbation theory.
We compare our results with those of the GRAZING
for 40, 48Ca+124Sn reactions which have been reported
in Refs. [10, 13].
In Figs. 24 and 25, we show transfer cross sections
for the reactions of 40Ca+124Sn and 48Ca+124Sn, respec-
tively. Each panel of these figures show cross sections for
transfer channels classified according to the change of the
proton number of the PLF as functions of neutron num-
ber of the PLF. Red filled circles denote measured cross
sections and red solid lines denote results of our TDHF
calculations. Green crosses and blue open diamonds con-
nected with dotted lines denote results of the GRAZING
calculation. The latter symbols, blue open diamonds,
show cross sections including the neutron evaporation ef-
fect, while the former symbols, green crosses, without the
evaporation effect.
For the 40Ca+124Sn reaction shown in Fig. 24, one find
that the cross sections by our calculation and those by the
GRAZING are very close to each other for the processes
shown in the panels of (0p), (−1p), (−2p), (−3p), (−4p),
and (−5p). Cross sections accompanying many proton
transfer, (−6p), are better described by the GRAZING
compared with the TDHF. In both TDHF and GRAZ-
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FIG. 24. (Color online) Transfer cross sections for the
40Ca+124Sn reaction at Elab =170 MeV. Red filled circles
denote measured cross sections, red solid lines denote results
of the TDHF calculations, and green crosses (blue open dia-
monds) connected with dotted lines denote calculated results
using the GRAZING code without (with) the neutron evapo-
ration effect. The number of transferred protons is indicated
as (xp) (−6 ≤ x ≤ +1). The measured cross sections and the
GRAZING results have been reported in Ref. [10].
ING calculations, the peak positions of the cross sections
are shifted towards large number of neutrons in the (−5p)
and (−6p) panels. The discrepancy is slightly remedied
by including the neutron evaporation effect in the GRAZ-
ING calculation.
For the 48Ca+124Sn reaction shown in Fig. 25, we
again find a good coincidence between the TDHF results
and those of the GRAZING for (0p), (±1p), and (−2p)
channels. For (+2p) channels, TDHF calculation gives
better description than the GRAZING. In both TDHF
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FIG. 25. (Color online) Transfer cross sections for the
48Ca+124Sn reaction at Elab =174 MeV. Red filled circles
denote measured cross sections, red solid lines denote results
of the TDHF calculations, and green crosses (blue open dia-
monds) connected with dotted lines denote calculated results
using the GRAZING code without (with) the neutron evapo-
ration effect. The number of transferred protons is indicated
as (xp) (−2 ≤ x ≤ +2). The measured cross sections and the
GRAZING results have been reported in Ref. [13].
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and GRAZING calculations, the cross sections shift to-
wards the direction of small neutron number for (+2p)
panel compared with measurements, while towards the
direction of large neutron number for (−2p) panel. In
Ref. [13], the effect of the neutron evaporation has been
evaluated to be small for this system.
We notice that there are similar failures in the TDHF
and the GRAZING calculations for the cross sections of
channels accompanying transfer of large number of pro-
tons. It seems that they are caused by a common prob-
lem, although two theories are relied upon very different
basis. One possible origin of the failure is an insufficient
inclusion of the correlation effects beyond the mean-field
theory. In the TDHF calculation, the many-body wave
function is always assumed to be a single Slater deter-
minant and correlations beyond the mean-field is not
included. In the GRAZING calculation, multinucleon
transfer probabilities are evaluated from single-nucleon
transfer probabilities with a statistical assumption, ig-
noring correlation effects among nucleons.
We next consider an approach based on Langevin-type
equations of motion which has been originally developed
for and applied to fission dynamics [89, 90] and has been
recently extended to apply to multinucleon transfer reac-
tions [30, 32]. We consider the 58Ni+208Pb reaction for
which an application of the Langevin approach has been
reported in Ref. [27].
In the Langevin approach, multinucleon transfer pro-
cesses are treated as sequential processes of single-
nucleon transfers. In the theory, an empirical parameter
describing nucleon transfer rate is introduced. Figure 26
shows cross sections for transfer channels of pure proton
stripping without neutron transfer (left) and pure neu-
tron pickup without proton transfer (right). Red filled
circles denote measured cross sections, red solid lines de-
note results of our TDHF calculations, and blue dotted
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FIG. 26. (Color online) Cross sections for transfer channels
of pure proton stripping without neutron transfer (left) and
pure neutron pickup without proton transfer (right) for the
58Ni+208Pb reaction at Elab = 328.4 MeV. Red filled circles
denote measured cross sections [17], red solid lines denote
results of the TDHF calculations, blue dotted lines denote
results of the Langevin calculation [27], and green open trian-
gles connected with dotted lines denote results of the CWKB
calculation [17].
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FIG. 27. (Color online) Cross sections for transfer channels
of (xp) (−3 ≤ x ≤ −1) for the 58Ni+208Pb reaction at Elab =
328.4 MeV. The horizontal axis is the number of neutrons in
the PLF. Red filled circles denote measured cross sections [17],
red solid lines denote results of the TDHF calculations, blue
dotted lines denote results of the Langevin calculation [27],
and green open triangles connected with dotted lines denote
results of the CWKB calculation [17].
lines denote results of the Langevin approach reported in
Ref. [27].
In the case of pure neutron pickup channels, (0p), the
TDHF calculation gives a better description than the
Langevin theory for cross sections up to four-neutron
transfer. The TDHF calculation overestimates the cross
sections for more than three neutrons, due to the quasi-
fission process at small impact parameter region as dis-
cussed in Sec. III C. On the other hand, cross sections of
pure proton stripping channels, (0n), are much better de-
scribed by the Langevin theory than the TDHF, except
for one-proton transfer channel.
Figure 27 shows transfer cross sections for several pro-
ton stripping channels. Again, red filled circles denote
measured cross sections, red solid lines denote results of
our TDHF calculations, and blue dotted lines denote re-
sults of the Langevin approach. For these channels, the
Langevin calculation gives a much better description for
the transfer cross sections than the TDHF calculation.
We should, however, note that an adjustable parame-
ter describing the nucleon transfer rate is introduced in
the Langevin approach, while no empirical parameter is
introduced in the TDHF calculation once the Skyrme in-
teraction is specified. In the calculation of the Langevin
theory, evaporation effects are already included in the
calculation.
For the 58Ni+208Pb reaction, an analysis using the
CWKB theory has also been reported in Ref. [17]. In the
CWKB theory, the multinucleon transfer processes are
treated in a similar way to the GRAZING theory, evalu-
ating statistically using single-nucleon transfer probabil-
ities which are calculated by the first-order perturbation
theory. In Figs. 26 and 27, the CWKB cross sections
are shown by green open triangles connected with dotted
lines. In Ref. [17], three results of cross sections have been
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reported: in a simple CWKB theory, adding the proton
pair transfer effect, and taking account of evaporation ef-
fects in addition to the proton pair transfer effect. We
show in these two figures the simplest version of the cal-
culation without the proton pair transfer effect and the
evaporation.
As seen from Fig. 26, the CWKB cross sections are very
close to those of the TDHF except for ∆N ≥ 5 in the (0p)
panel. In Fig. 27, the CWKB cross sections are seen to be
too small as the number of transferred protons increases.
In Ref. [17], proton pair transfer processes are introduced
and added to the simple CWKB cross sections to examine
the effect as a possible origin of the discrepancy.
V. SUMMARY AND CONCLUSIONS
In the present paper, we have reported fully micro-
scopic calculations for the multinucleon transfer reac-
tions in the time-dependent Hartree-Fock (TDHF) the-
ory. We performed calculations for the reactions of
40, 48Ca+124Sn at Elab = 170, 174 MeV,
40Ca+208Pb
at Elab = 235, 249 MeV, and
58Ni+208Pb at Elab =
328.4 MeV, for which multinucleon transfer cross sections
have been measured experimentally [10, 13, 17, 19]. We
use a projection operator method [67] to calculate the
transfer probabilities as functions of impact parameter
from the wave function after collision. From the reac-
tion probabilities, we evaluate cross sections for various
transfer channels.
The systems we have calculated, 40, 48Ca+124Sn,
40Ca+208Pb, and 58Ni+208Pb show different behaviors
in the multinucleon transfer processes characterized by
the N/Z ratios of the projectile and the target, and by
the product of the charge numbers, ZPZT.
In the collisions with different N/Z ratios between the
projectile and the target (40Ca+124Sn, 40Ca+208Pb, and
58Ni+208Pb), we find a fast transfer of a few nucleons
when the impact parameter is sufficiently large. The
nucleons are transferred towards the direction of charge
equilibrium expected from the N/Z ratios of the projec-
tile and the target. This means that protons and neu-
trons are transferred in the opposite directions. When
the N/Z ratios are almost equal between the projectile
and the target (48Ca+124Sn), we find a few nucleons are
exchanged symmetrically.
As the impact parameter decreases, a neck is formed
at the contact of two nuclei. Then the transfer process
proceeds in two steps. At the beginning of the reaction
before the formation of the neck, a few nucleons are trans-
ferred in the same way as described above. After forming
the neck, the transfer of a number of nucleons occurs as
a result of the neck breaking when two nuclei dissoci-
ate. Since both protons and neutrons in the neck are
transferred simultaneously in this mechanism, protons
and neutrons are transferred in the same direction.
As the charge number product ZPZT increases, there
appears an impact parameter region where a thick neck
is formed. We consider reactions in this impact parame-
ter region correspond to the quasi-fission. As mentioned
above, both protons and neutrons are transferred in the
same direction when the neck is broken at the time of
dissociation. A large energy transfer is also accompanied
from the nucleus-nucleus relative motion to the internal
excitations.
Comparisons with measured cross sections show that
the TDHF calculations describe cross sections reasonably
well for transfer processes of a few nucleons between the
projectile and the target. As the number of exchanged
nucleons increases, the agreement becomes less accurate.
When more than a few protons are transferred, cross sec-
tions as functions of the transferred neutron number show
a peak at the neutron number more than that in the
measurements. The magnitude of the calculated cross
sections becomes too small compared with the measure-
ments. This discrepancy is expected to be, to some ex-
tent, resolved when we introduce nucleon evaporation ef-
fects in our calculations.
We have compared transfer cross sections of the TDHF
calculations with those by other theories. We find that
results of the TDHF calculations are rather close to those
of direct reaction model calculations such as GRAZING
and Complex WKB. We should note that the Skyrme
Hamiltonian used in the TDHF calculation is entirely
determined from the ground state calculations and there
is no parameter introduced to describe nuclear dynam-
ics. We thus conclude that the fully microscopic TDHF
theory may describe the multinucleon transfer cross sec-
tions in the quality comparable to existing direct reaction
theories.
To increase the reliability of our calculation, an inclu-
sion of evaporation effects is apparently important. Since
the evaporation processes take place in much longer time
scale than the reaction mechanism shown here, it is not
realistic to achieve the calculation within the TDHF the-
ory. Instead, we are considering to estimate them using
a statistical model, putting excitation energy of the final
fragments calculated in the TDHF theory as inputs.
An inclusion of correlation effects beyond the mean-
field approximation is also of much significance. At-
tempts beyond the mean-field have been seriously un-
dertaken recently in realistic calculations. For example,
in Ref. [80], calculations based on the Barian-Ve´ne´roni
prescription have been reported. In Refs. [84, 91–93], a
stochastic effects are included in the mean-field dynam-
ics.
One of the most important correlations in nuclear low-
energy dynamics is the pairing correlation. A full so-
lution of the time-dependent Hartree-Fock-Bogoliubov
(TDHFB) theory [94–97] would provide a satisfactory de-
scription for it. At present, however, there have not yet
been reported realistic TDHFB calculations of heavy-ion
collisions. A simplified method to include the pairing
effects in the TDHF dynamics has also been discussed
[98–102]. Extending the present analysis including the
pairing correlation will certainly bring more satisfactory
description and provide reliable understanding for the
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multinucleon transfer reactions.
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Appendix A: Average and fluctuation of nucleon
number
We summarize formula for the average and the fluctu-
ation of the nucleon number belonging to the PLF or to
the TLF. Using the probability distribution Pn, defined
by Eq. (6), the average and the fluctuation of the nucleon
number belonging to the PLF are given by
〈
NˆVP
〉
=
N∑
n=0
nPn, (A1)
σ =
√√√√ N∑
n=0
(
n− 〈NˆVP〉
)2
Pn. (A2)
The average and the fluctuation of the nucleon num-
ber belonging to the PLF may also be calculated directly
from the orbitals without projection procedure. The
average number is calculated from the density, ρ(r) =∑N
i=1
∑
σ ψ
∗
i (r, σ)ψi(r, σ), integrating over the spatial
region VP:
〈
NˆVP
〉
=
∫
VP
dr ρ(r). (A3)
The fluctuation can also be directly calculated from the
single-particle orbitals by
σ ≡
√〈(
NˆVP
)2〉− 〈NˆVP〉2
=
√√√√〈NˆVP〉−
N∑
i,j=1
∣∣∣〈ψi|ψj〉VP
∣∣∣2. (A4)
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